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Abstract
We revisit the model for parametrization of momentum dependence of nucleon generalized parton
distributions in the light of recent MRST measurements of parton distribution functions [1]. Our
parametrization method with minimum set of free parameters give a sufficiently good description
of data for Dirac and Pauli electromagnetic form factors of proton and neutron at small and
intermediate values of momentum transfer. We also calculate the GPDs for up and down quark by
decomposing the electromagnetic form factors for nucleon using the charge and isospin symmetry
and also study the evolution of GPDs to a higher scale. We further investigate the transverse charge
densities for both the unpolarized and transversely polarized nucleon and compare our results with
the Kelly’s distribution.
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I. INTRODUCTION
The study of fundamental quantities like Generalized partion distributions (GPDs) and
electromagnetic form factors (EFFs) have been of tremendous interest in the recent past.
GPDs are parametrized in terms of longitudinal momentum x and invariant momentum
transfer squared t = −q2, thus giving vital information about the 3-D structure of nucleon.
The EFFs measure the probability for a nucleon to absorb a virtual photon of momentum
q2. Ji sum rule state that the GPD for unpolarized nucleon reduce to EFFs when integrated
over x [2] :
FN1 (q
2) =
∫
1
0
dx HN(x, q2) , (1)
FN2 (q
2) =
∫
1
0
dx EN (x, q2) , (2)
where H(x, q2) and E(x, q2) (with N = p, n) are, respectively, the spin independent and spin
dependent GPDs and the functions F1 and F2 are Dirac and Pauli form factors for nucleon.
GPDs are measured in the processes, like deeply virtual Compton scattering (γ∗p→ γp)
and diffractive vector meson production (γ∗p → V p). Various experiments at Jefferson
Lab (JLAB) [3, 4], and HERA [5] have extracted information about GPDs and new data
is expected in near future from the experiments at JLAB12, COMPASS, and electron-ion
collider [6]. On the other hand, GPDs are calculated in the Euclidean lattice QCD using the
first principle approach [7]. This is a method based upon numerical simulations, however,
the applicability is limited by enormous computational complexities, dependence upon the
free parameters, and the fact that dynamical observables in Minkowski spacetime can not
be directly observed in the Euclidean lattice computations. Recently, there has been a lot
of activity in calculating GPDs in the anti-de Sitter AdS/QCD holography based models
as well [8]. In this approach, information on GPDs is obtained via matching the matrix
elements of electromagnetic current with QCD sum rules in the hard and soft-wall models
[9].
There are several other phenomenological models in literature to obtain GPDs in a func-
tional form that represent the data over a wide range of momentum transferred [10–14].
These approaches are based on parametrizations of the quark wave function or directly the
EFFs, using constraint imposed by sum rules in Eq.(1). It is also interesting to formulate
simple parametrization in term of x and q2-dependences. The x-dependence were measured
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accurately in terms of the quark distribution functions and q2-dependence can be added
using different functional forms from the phenomenological description of nucleon EFFs.
In this work, we will follow parametrization approach with a functional form of quark
distribution functions based on the latest global analysis by “MSTW2009” [1] combined
with the guassian ansatz to incorporate q2-dependence [15]. Though this approach is model
dependent, but on the contrary one can reach the much higher values of momentum trans-
ferred, even larger than measured in hard exclusive scattering experiments.
The purpose of present communication is to give a simple parametrization of spin flip
and non flip nucleon GPDs (H and E) with a minimum number of free parameters. This
parametrization can serve as a baseline for comparison with other GPD fits, for the interpo-
lation of data on FFs and calculations of transverse charge and magnetization densities. The
best fit set of parameters are obtained after a critical examination of the available measure-
ments of EFFs. Further, we extracted the individual contributions of up and down quarks
to the Dirac and Pauli form factors and presented a comparison with the experimental data.
In order to check the consistency of our method, we also presented results for the pertur-
bative evolution of GPDs according to the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi-like
(DGLAP) equations for the up and down quarks in momentum space.
It is also interesting to investigate the transverse charge and magnetization densities as
they provide insight into the structure of the nucleon in the valence region. The charge
and magnetization densities in the transverse plane are defined as the Fourier transform
of the EFFs. We therefore, investigated the charge and magnetization densities for both
unpolarized and transversely polarized nucleon in the parametrization approach and present
a comparison with the Kelly’s method.
II. MOMENTUM DEPENDENCE OF GPDS IN PARAMETRIZATION AP-
PROACH
A large part of present day high-energy scattering experiments, such as, proton-proton
(proton-antiproton) collisions and deep-inelastic scattering, proceed via the knowledge of
partonic constituents of the hadron called parton distribution functions (PDFs). Adding the
q2-dependence in PDFs gives the 3-D structure of hadrons in terms of the GPDs. The Fourier
transform of GPDs provide information about the distribution of the charge and magneti-
3
zation densities of quarks in impact parameter space. As we cannot obtain q2-dependence
from the first principles, it would be interesting to formulate a simple parametrization that
accurately represent the data on FFs over a wide range of momentum transferred.
There are various phenomenological parametrizations for the extraction of GPDs in the
literature [10]. The simplest model for parametrization of proton GPDs assumes a gaussian
form of wavefunction with an interplay between x and q2-dependences [11]. Further, a Regge
parametrization for GPDs H(x, q) = q(x) exp[−α q2] is used at small momentum transfer
[16], and a modified version of profile function q(x) exp[−α′(1− x) q2] is used to extend the
analysis to large momentum transfer region [11]. Some of the other well known procedures
are based on polynomial or logarithmic form of profile function in accordance with theoretical
and phenomenological constraints [12]. These approaches give a satisfactory description of
the basic features of proton and neutron EFFs data.
In a recent parametrization method (PM) [15], q2-dependence is incorporated by com-
bining the gaussian ansatz with the information on PDFs obtained from global fit to the
experimental data, however, these calculation are being performed using the older set of
PDFs by MRST2002 fit [17]. Recently the calculations of PDFs have been revisited in the
light of considerable improvements in experimental precision, wider kinematic range, as well
as the availability of new data. In view of these developments, it is interesting to revisit
the calculations on parametrization of GPDs using the new set of PDFs proposed in the
“MSTW2009” global fit [1].
GPD for Dirac form factor for the case of proton
Hp(x, q2) =
∑
q
eq q(x) exp
[
−apq
(1− x)2
xmp
q2
]
, (3)
where eq = 2/3 for up and −1/3 for down quark and apu, apd and mp are the free parameters
to be fitted from the low q2 experimental data on the proton form factors. The quark
distribution functions q(x) measured at the next-to-next-to-leading-order in strong coupling
parameter by “MSTW2009” (at initial scale µ2o=1 GeV
2) are expressed as [1]
xu(x) = 0.22x0.28(1− x)3.36(1 + 4.43√x+ 38.6 x) , (4)
x d(x) = 17.94x1.08(1− x)6.15(1− 3.64√x+ 5.26 x) . (5)
We parametrize the GPD Ep(x, q2) for the proton using the widely used representation
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[11]:
Ep(x, q2) =
∑
q
eqEq(x) exp
[
−apq
(1− x)2
xmp
q2
]
, (6)
with
Eu(x) = κu
Nu
(1− x)κ1 u(x) , (7)
Ed(x) = κd
Nd
(1− x)κ2 d(x) , (8)
where the normalization of up and down quark GPDs to their corresponding anomalous
magnetic moments κu = 1.673, κd = −2.033 lead to the k1 = 1.53, k2 = 0.31, Nu = 1.52 and
Nd = 0.95. We follow the similar kind of parametrization for neutron GPDs while invoking
the charge symmetry and changing the index p to n for free parameters. Though we have
kept the minimal structure of parametrization same as previous work [15], we have increased
the number of free parameters in order to give a better fit to the data over a wider range.
The experimental results are usually expressed in terms of the Sachs form factors Gp,nM (q
2)
and Gp,nE (q
2). Further, the Dirac and Pauli form factor are related to Sachs form factor by
relation:
Gp,nM = F
p,n
1 + F
p,n
2 , (9)
Gp,nE = F
p,n
1 −
q2
4M2N
F p,n2 , (10)
where MN is the mass of proton and neutron. Several experiments measure the ratio of
electric and magnetic form factors, which is commonly defined as Ri(q2) = µiG
i
E(q
2)/GiM(q
2)
(with i = p, n). The magnetic moments µp and µn normalize the ratio to unity at zero
momentum transferred. For convenience the electric and magnetic form factors are often
divided by the conventional dipole form GD(t) = 1/(1 + q
2/Λ2)2 , with Λ2 = 0.71 GeV2.
We now briefly discuss the various input parameters needed in the numerical calculations.
Our approach involves six free parameters, apu , a
p
d, and m
p for proton and anu , a
n
d and mn for
neutron. In order to find the best fit set, we have used the latest data available on the proton
and neutron form factors. We have used the data GE(q
2)/GD(q
2) [18], GM(q
2)/(µpGD(q
2))
[18], and Rp [18–29] for the case proton. The best fit set of parameters are a
p
u = 1.21,
apd = 1.41, and mp = 0.35. For the case of neutron, we have used the GE(q
2) [30–32], and
Rn [32–34] and the best fit set of parameter are a
n
u = 1.49, a
n
d = 1.66, and mn = 0.26. We
have also added the systematic and statistical uncertainties in quadrature for the uniform
treatment of data wherever they are available.
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FIG. 1. (a) Plots for proton electric GpE form factors divided by the dipole GD = 1/(1 +
q2/0.71 GeV2)2 plotted vs q2 (b) the neutron electric form factors GnE plotted vs q
2, (c-d) repre-
sent the plots for the ratio of electric to the magnetic form factors vs q2 for proton and neutron,
respectively. The experimental data points for Rp are obtained from Ref. [18–29]. Solid blue line
correspond to the results obtained in the parametrization method.
In Fig. 1(a)-(b), we presented the comparison of Sach form factors GpE(q
2) and GnE(q
2)
with q2 for proton and neutron in the parametrization method. The data for the proton
form factor is divided by the dipole form GD(q
2) to make a direct comparison with the
experimental data [18]. Fig. 1(c)-(d), predict the behavior of ratio of electric to magnetic
form factors Rp and Rn with q
2 for proton and neutron, respectively. In all the cases, we
have presented a comparison with the experimental data [18–34]. It can be easily seen that
a basic variant of model with minimum number of free parameters lead to a very good
description of the q2-dependence of the data at both low and intermediate q2 values.
In order to check the consistency of our approach, we have presented the results for
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separate contribution of flavor form factors for up and down quarks in Fig. 2. It is straight-
forward to obtain the flavor decomposition of the nucleon form factors using the charge and
isospin symmetry F uj = 2F
p
j + F
n
j and F
d
j = F
p
j + 2F
n
j (j = 1, 2), with the normalizations
F u1 (0) = 2, F
u
2 (0) = κu = 1.673 and F
d
1 (0) = 1, F
d
2 (0) = κd = −2.033. We have also com-
pared our predictions with the experimental data for flavor form factors [35, 36]. Cates et
al. [35] have used measurements on GpE, G
p
M , G
n
E , and G
n
M with the Kelly’s fit and Diehl and
Kroll [36] have interpolated the available data on Sach form factors to determine the flavor
form factors. We observe that our parametrization based results are in excellent agreement
with both the experimental data sets for the individual values of flavor form factors F u1 , F
d
1 ,
F u2 , and F
d
2 at the low and intermediate energy range.
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FIG. 2. Plots of flavor form factors F u1 , F
d
1 , F
u
2 , and F
d
2 with q
2 for up and down quarks. The
experimental data points are obtained from [35, 36].
For the sake of completeness, we will also discuss the behavior of GPDs Hv(x, q
2) and
Ev(x, q
2) with x for fixed values −t = 1.0, 1.5 GeV2 for the valence quarks in Fig. 3. We
calculate the up and down quark GPDs from our parametrization form of proton in Eq.
7
(3) and neutron with charge and sospin symmetry: Huv (x, q
2) = 2Hp(x, q2) +Hn(x, q2) and
Hdv (x, q
2) = Hp(x, q2)+2Hn(x, q2). From Fig. 3, it is clear that the qualitative behaviour of
GPDs for x is same for for both up and down quarks over a wide range. In all the cases, the
behavior of GPDs Hv(x, q
2) and Ev(x, q
2) increases with x to a maximum value and then
decreases to zero. For all cases the peak of GPDs shift towards a higher value of x as the
value of q2 increases.
It is important to predict the scale evolution of these GPDs as various experiments give
data at different energy scales [37–39]. The independence of physical observables from the
physical scale, give the following type of DGLAP like equation for valence quark GPD
Hq(x, q2):
µ2
d
dµ2
Hq(x, q2, µ2) =
(αs
2pi
)∫ 1
x
dz
z
[
P
(x
z
)]
+
Hq(z, q2, µ2) , (11)
where [....]+ is the usual “plus regularization” scheme for the DGLAP evolution kernel [40].
The leading order quark-quark splitting function P (z) = Cf(
1+z2
1−z
) gives the probability
of a quark after being radiating a gluon is left with momentum fraction z of the original
momentum. We have solved the Eq. (11) using numerical methods [41] and absorbed
the uncalculable perturbative effects into the evolved GPDs. In order to understand the
implication of the DGLAP evolution on GPDs, we have also presented the results with scale
parameter µ = 10 GeV. For the evolved GPDs, peak shift towards a lower value of x for the
higher values of scale parameter µ as the probability of a gluon being radiated is higher at
large values of x, hence the distribution shift towards lower value of x.
III. TRANSVERSE CHARGE AND MAGNETIZATION DENSITIES
In the previous section, we have established the q2-dependence of GPDs and successfully
calculated the Sach form factors and the individual contribution of flavor FFs and GPDs for
the up and down quarks. In this section, we will calculate the nucleon transverse densities
in the parametrization approach. The transverse charge and magnetization densities for the
unpolarized nucleon are defined as the two-dimensional Fourier transform of the electro-
magnetic form factors F1 and F2 with respect to transverse momentum transfer (q⊥). These
densities are further related to the first order moment of GPDs in the transverse impact pa-
rameter space. These density functions are interpreted as the probability density for finding
a quark with a longitudinal momentum fraction (x) located at the transverse position (b⊥)
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FIG. 3. Plots of the generalized parton distributions Hv(x, t) and Ev(x, t) vs x for fixed values of
−t = 1, 1.5 GeV2 for up and down quark.
inside the nucleon.
A. Transverse charge densities inside the unpolarized nucleon
The charge density (ρNch) in transverse impact parameter space for the unpolarized nucleon
is expressed as
ρNch(b⊥) =
∫
d2q⊥
(2pi)2
FN1 (q
2)eιq⊥·b⊥ =
∫
1
0
dx qN(x, b⊥) , (12)
where qN(x, b⊥) is impact parameter GPD given by the Fourier transform of momentum
space GPD HN(x, q2) with respect to the momentum transfer (q⊥). For zero skewness, the
momentum transfer is only in the transverse direction, thus qN(x, b⊥) gives the transverse
distribution of the partons in impact parameter space:
qN(x, b⊥) =
1
(2pi)2
∫
d2q⊥e
ιq⊥·b⊥HN(x, q2) . (13)
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One can similarly calculate the magnetization density (ρNm) in transverse impact param-
eter space defined as the Fourier transform of the Pauli form factors
ρ˜Nm(b⊥) =
∫
d2q⊥
(2pi)2
FN2 (q
2)eιq⊥·b⊥ =
∫
1
0
dx EN(x, b⊥) , (14)
where
EN(x, b⊥) =
1
(2pi)2
∫
d2q⊥e
−b⊥.q⊥EN(x, q2) , (15)
however, the true anomalous magnetization density in the transverse plane is expressed as
ρNm(b⊥) = −b
∂ρ˜Nm(b)
∂b
,
= b
∫
∞
0
dq⊥
2pi
q2J1(qb)
∫
1
0
dx EN(x , b⊥) . (16)
In order to obtain information about the transverse charge and magnetization densities
inside the unpolarized nucleon, we plotted them in Fig. 4. In Fig. 4 (a), we have plotted
charge density for proton and Neutron. These plots give the complete spatial information
about the nucleon. A cursory look at the plots reveal that charge distributions is maximum at
the center and then decreases with increasing value of the impact parameter b. In particular,
the proton charge density for unpolarized nucleon has a large positive value at the center of
the core which decreases further with the increase in b⊥. Plots for the neutron charge density
support the large negative value at the center of core and then a positive contribution at
the intermediate b values and then decreases.
There is no experimental data directly available for the charge and magnetization den-
sities, we compare our parametrization approach results with Kelly model [10]. Kelly has
proposed a parametrization for the nucleon Sachs form factors using Laguerre-Gaussian
expansion. The overall behaviour for the charge densities are same as the Kelly’s model,
however the matching of charge densities is perfect for the case of proton but differ slightly
for the case of neutron. A phenomenological analysis of existing data to determine the charge
density of the proton and neutron has been discussed in Ref. [43] in a model independent
way. The predictions of Ref. [43] also highlight the negative value of neutron parton charge
density at center, so that the square of the transverse charge radius is positive, same as
predicted in parametrization approach.
The decompositions of the transverse charge and magnetization densities for the nucleon
can be defined in a similar way as the EFFs. In terms of two flavors one can write down
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the transverse charge and magnatization densities for the up and down quark as ρuch,m =
2ρpch,m+ρ
n
ch,m and ρ
d
ch,m = ρ
p
ch,m+2ρ
n
ch,m. In Fig. 4(b), we have presented the result for charge
density distribution for up and down quark, respectively. The transverse charge density is
positive for the up quark and negative for down quark. The magnitude of charge density
for up quarks is found to be larger the down quark. Authors in the Ref. [43] also observe a
large value of the up quark density as compared to the down quark density.
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FIG. 4. Plots of transverse charge ρNch(b) with by for (a) proton and neutron (b) up and down
quark. Plots of transverse magnetization density ρNm(b) with by for (c) proton and neutron (d) up
and down quark.
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B. Transverse charge densities inside the polarized nucleon
Recently, Carlson and Vanderhaeghen have further generalized the charge density for
transversely polarized nucleon in light-front form [44]. So it is interesting to investigate the
charge density in transverse plane for transversely polarized nucleon expressed as:
ρNT (b⊥) = ρ
N
ch(b⊥)−
sin(φb − φs)
2MNb
ρNm(b⊥) . (17)
We consider a nucleon polarized in the xy direction with the transverse polarization S⊥ =
cosφsxˆ+sinφsyˆ and transverse impact parameter b⊥ = b(cosφbxˆ+sin φbyˆ). The first term in
Eq.(17) is the unpolarized charge density and second term gives the deviation from circular
symmetry for unpolarized charge density and depends on the orientation of b⊥ relative to
the transverse spin direction S⊥.
We have investigated the transverse charge densities for transversely polarized proton
and neutron in the parametrization approach and presented the results in Fig. 5(a)-(b). We
observe that the polarized proton charge density has a large positive value at the center of
the core which decreases further. Polarized neutron charge density reveal a large negative
value at the center of core and then a positive contribution at the intermediate b values and
then decreases. This trend in the behaviour of charge densities is same as for the unpolarized
nucleon densities. Apart from this, it is also important to mention that the transverse charge
densities for the proton polarized transversely along the positive x direction (φs = 0) are
distorted in the negative by direction. In the case of neutron transversely polarized along
the x axis, the negative charge is shifted to the negative by direction and the positive charge
move towards to the positive by direction. We have also compared our q
2-dependent results
with the Kelly approach. The parametrization results for the polarized transverse charge
densities are in agreement with the Kelly predictions for the case of proton, however the
results differ slightly from the Kelly distribution for the neutron.
In Fig. 5(c)-(d), we have also investigated the up and down quark transverse charge
densities inside the unpolarized and transversely polarized nucleon in the parametrization
method. The transverse charge densities (ρ
u/d
ch (b⊥) and ρ
u/d
T (b⊥)) for up and down quark
can be obtained using the flavor form factors. A cursory look at the graphs reveal that the
up quark transverse charge density inside the transversely polarized nucleon is shown to be
shifted to the negative by direction, while it is distorted in the positive by direction for the
down quark. Parametrization results for the up quark unpolarized and polarized transverse
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charge densities matches significantly with Kelly approach, however the deviation is more
prominent in the case of down quark. Our predictions are also in significant agreement with
the other phenomenological models in the literature [42, 44–47]. Therefore, parametrization
approach with the q2-dependence and perturbative evolution effects play an important role
in understanding the hadron structure.
Ρch
p
HbL Parametrization
Ρch
p
HbL Kelly
ΡT
p
HbL Parametrization
ΡT
p
HbL Kelly
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
0.0
0.5
1.0
1.5
2.0
by@fmD
Ρ
c
hp
H
b
L
,
Ρ
Tp
H
b
L
HaL
Ρch
n HbL Parametrization
Ρch
n HbL Kelly
ΡT
n HbL Parametrization
ΡT
n HbL Kelly
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
-0.6
-0.4
-0.2
0.0
0.2
by@fmD
Ρ
c
h
n
H
b
L
,
Ρ
Tn
H
b
L
HbL
Ρch
u HbL Parametrization
Ρch
u HbL Kelly
ΡT
u HbL Parametrization
ΡT
u HbL Kelly
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
0.0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
by@fmD
Ρ
c
h
u
H
b
L
,
Ρ
Tu
H
b
L
HcL
Ρch
d HbL Parametrization
Ρch
d HbL Kelly
ΡT
d HbL Parametrization
ΡT
d HbL Kelly
-2 -1 0 1 2
0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
by@fmD
Ρ
c
hd
H
b
L
,
Ρ
Td
H
b
L
HdL
FIG. 5. Plots of transverse charge densities ρNch(b) and ρ
N
T (b) with transverse impact parameter
space by for the unpolarized and transversely polarized (a) proton (b) neutron (c) up quark, and
(d) down quark. The transverse polarization is taken along the x direction.
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IV. SUMMARY AND CONCLUSION
In this work, we have introduced a phenomenological parametrization for q2-dependence
of the proton and neutron GPDs based on Gaussian ansatz along with the ‘MSTW2009’
results for the quark distribution function [1]. A simple form of parametrization with min-
imum number of free parameters gives a sufficiently good description of the experimental
data on Sach form factors and the ratio of electric to magnetic form factors over a wide
range of momentum transfer. We have also investigated the flavor decompositions of the
nucleon form factors for up and down quarks using the charge and isospin symmetry. The
parametrization method results for flavor form factor are in agreement with the experimental
data. Since the first moments of the GPDs give the EFFs, we have investigated the GPDs
H and E for up and down quarks in nucleon and ensured their stability under the DGLAP
evolution.
Further, We have presented a detail comparison of transverse charge densities for both
the unpolarized and transversely polarized nucleon and their flavor decompositions into
up and own quark. Though we have considered only valence quarks contribution in the
paramerization approach, it is interesting to note that the qualitative behaviour of transverse
charge densities is same as the Kelly’s approach. The unpolarized densities are axially
symmetric in the transverse plane, while densities become distorted for the transversely
polarized nucleon. If the nucleon is polarized along positive x direction, the densities get
shifted towards negative y direction. The transverse distortion as well as the deviation
from experimental results are more prominent in the case of down quark than up quark.
We showed that combining the parametrization method with the q2-dependence give the
effective model for understanding the three-dimensional structure of the nucleon in the
nonperturbative region.
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